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Abstract. Let q be a prime with q ≡ 7 mod 8, and let K = Q(
√
−q). Then 2 splits in K, and

we write p for either of the primes K above 2. Let K∞ be the unique Z2-extension of K unramified
outside p. For certain quadratic and biquadratic extensions F/K, we prove a simple exact formula
for the λ-invariant of the Galois group of the maximal abelian 2-extension unramified outside p of the
field F∞ = FK∞. Equivalently, our result determines the exact Z2-corank of certain Selmer groups
over F∞ of a large family of quadratic twists of the higher dimensional abelian variety with complex
multiplication, which is the restriction of scalars to K of the Gross curve with complex multiplication
defined over the Hilbert class field of K. We also exhibit computations of the associated Selmer
groups over Kn in the case when the λ-invariant is equal to 1; here Kn denotes the n-th layer of
K∞/K.

1. Introduction

The aim of the present paper is to prove a simple exact formula for the λ-invariant
of a certain classical Iwasawa module at the prime p = 2. Our result can be viewed as
an analogue of a result of Kida [9] and Ferrero [5]. However, there is a fundamental
difference in that, unlike Kida’s and Ferrero’s work, the Iwasawa module we consider
has a simple interpretation in terms of classical infinite descent theory on a family of
abelian varieties with complex multiplication arising from certain quadratic twists of
the Gross [8] family of elliptic curves with complex multiplication. We mention that,
for odd primes, such formulas for elliptic curves with complex multiplication (usually
called Kida formulas) have been obtained by Michel [12] and Wingberg [14].

We first explain our result in terms of classical Iwasawa theory. Let q be any
prime with q ≡ 7 mod 8, and let K = Q(

√
−q). Write OK for the ring of integers

of K. Then 2 splits in K, say 2OK = pp∗. By class field theory, there is a unique
Z2-extension K∞/K which is unramified outside p, and we write Kn for the unique
intermediate field with [Kn : K] = 2n, and OKn

for the ring of integers of Kn.
Throughout, we assume that p corresponds to the embedding ιp : K → Q2 determined
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by ιp(
√
−q) ≡ 1 mod 4Z2. For each prime w of K, we write ordw for the normalized

additive valuation at w. Also, put q =
√
−qOK .

In all that follows, R will denote any element of OK , which will always be
assumed to satisfy the following:

Twisting Hypothesis We have R ≡ 1 mod 4OK , (q, R) = 1, and ordw(R) is odd for
each prime w of K dividing R.

We then define

F = K(

√
−
√
−qR), F ′ = K(

√√
−qR), D = K(

√
−1), J = FF ′ = FD. (1.1)

For any finite extension T/K, let

Tn = TKn, T∞ = TK∞.

Further, let M(T∞) be the maximal abelian 2-extension of T∞, which is unramified
outside the primes of T∞ lying above p, and let

X(T∞) = Gal(M(T∞)/T∞).

Then the main result of this paper is as follows.

Theorem 1.1. Let s∞(R) be the number of primes of K∞ dividing √
−qR,

where R satisfies the above Twisting Hypothesis. Then (i) X(F∞) is a free finitely
generated Z2-module of exact rank s∞(R)− 1; and (ii) if q ≡ 7 mod 16, then X(F ′

∞)

(resp. X(J∞)) is a free finitely generated Z2-module of exact rank s∞(R) (resp.
2s∞(R)− 1).

We point out that the number s∞(R) is finite and can be computed explicitly as
follows. Let h be the class number of K, which is odd. Suppose w is a prime of K
distinct from p. Then wh = (w) is principal. Adjust the sign of w so that ιp(w) ≡
1 mod 4Z2. Then, by class field theory (see the proof of Lemma 2.3 of [4] or of Lemma
3.3 of [3]), the number of primes of K∞ dividing w is

2ord2(ιp(w)−1)−2.

It follows that if q ≡ 7 mod 16 and R = 1, we have s∞(R) = 1 whence X(J∞) is a
free Z2-module of rank 1. This recovers [4, Theorem 1.1]. It was proven in [10] that
X(F∞) ̸= 0 when q ≡ 15 mod 16 and R = 1, but the methods there are different
from those of the present paper. The fact that X(F∞) is a free finitely generated
Z2-module of Z2-rank at most s∞(R)− 1 has been proven when q = 7 in [1], and the
argument extends easily to the more general case considered here. In particular, it
can be proved in this way that X(D∞) = 0 when q ≡ 7 mod 16 (see [4, Proposition
2.2] or Proposition 3.2 in the present paper).
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As we shall explain in §4, Theorem 1.1 has an equivalent formulation in terms
of a certain Selmer group arising from infinite descent on the h-dimensional abelian
variety which is the twist by the quadratic extension K(

√
R)/K of the abelian variety

B/K; here B/K is the restriction of scalars from the Hilbert class field H of K to
K of the Gross elliptic curve A/H with complex multiplication by OK [8]. It seems
that no such clear cut result giving the exact Z2-corank of Selmer groups of a large
family of quadratic twists of an abelian variety over a Z2-extension of the base field
was known previously. In §5, we shall discuss more on the case s∞(R) = 2 where R

is a square free rational integer satisfying the Twisting Hypothesis.

2. Prelimaries

For this section alone, we consider a more general situation than in the rest of
the paper. Take p to be an arbitrary prime number, and take K to be any imaginary
quadratic field in which p splits. We fix one of the primes p of K above lying above
p. By class field theory, there is a unique Zp-extension K∞ of K which is unramified
outside p. If W/K is any finite extension, we define W∞ = WK∞. Let M(W∞) be
the maximal abelian p-extension of W∞, which is unramified outside the primes lying
above p, and put X(W∞) = Gal(M(W∞)/W∞). Again by class field theory, we have:

Lemma 2.1. There are only finitely many primes of W∞ lying above each prime
of W .

For each finite extension W/W , we define S∞(W/W ) to be the set of primes of W∞,
which do not lie above p, and which are ramified in W∞. Of course, S∞(W/W ) is a
finite set by Lemma 2.1. Put

s∞(W/W ) = #(S∞(W/W )). (2.1)

Assume that W/W is a cyclic extension of degree p with W ̸⊂ W∞. Thus
W∞/W∞ is cyclic of degree p, and we put ∆ = Gal(W∞/W∞), As usual, X(W∞) has
its natural structure as a module over the group ring Zp[∆]. The maximal ideal of the
local ring Zp[∆] is (p, δ− 1), and its residue field is the finite field Fp with p elements;
here δ is any generator of ∆. If X is a Zp[∆]-module, put X∆ = X/(δ − 1)X.

Lemma 2.2. Let W/W be a cyclic extension of degree p with W ̸⊂ W∞. Then
(i) X(W∞) is finitely generated as a Zp-module if and only if X(W∞) is finitely
generated as a Zp-module, (ii) if X(W∞) = 0, then (X(W∞))∆ is an Fp-vector
space of dimension at most s∞(W/W ) − 1, and (iii) the restriction map induces an
isomorphism (X(W∞)⊗Zp Qp)∆ ∼= X(W∞)⊗Zp Qp.

Proof. If X(W∞) is a finitely generated Zp-module, so is its quotient
Gal(W∞M(W∞)/W∞). Since [W∞ : W∞] is finite, it follows that the abelian group
Gal(W∞M(W∞)/W∞) is finitely generated over Zp, and hence so is its quotient
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X(W∞). Conversely, assume that X(W∞) is finitely generated over Zp, and let T

denote the maximal abelian extension of W∞ contained in M(W∞). Then we have
an isomorphism

X(W∞)∆ ∼= Gal(T/W∞). (2.2)

Now M(W∞) is a subfield of T , and Gal(T/M(W∞)) is generated by the inertial
subgroups of the primes in S∞(W/W ) in the extension T/W∞. Such an inertial
subgroup is of order p since we are assuming that W∞/W∞ is of degree p. Thus
Gal(T/M(W∞)) is an Fp-vector space, and

dimFp
Gal(T/M(W∞)) ≤ s∞(W/W ). (2.3)

Since we are assuming that X(W∞) is finitely generated over Zp, and the set
S∞(W/W ) is finite, it follows easily that Gal(T/W∞) is finitely generated over Zp.
Thus, in view of (2.2), X(W∞)/(p, δ − 1)X(W∞) is a finite dimensional Fp-vector
space. Since X(W∞) is a compact Zp[∆]-module, it follows from Nakayama’s lemma
that X(W∞) is a finitely generated Zp[∆]-module, whence it is also finitely generated
as a Zp-module. This completes the proof of (i). For (ii), when X(W∞) = 0, (2.3) be-
comes dimFp Gal(T/W∞) ≤ s∞(W/W ), whence dimFp Gal(T/W∞) ≤ s∞(W/W )− 1.
Recalling (2.2), the assertion (ii) follows. To prove (iii), we first note that (2.2) implies
that we have the exact sequence

1 → X(W∞)∆ → Gal(T/W∞) → Gal(W∞/W∞) → 1.

We also have the exact sequence

1 → Gal(T/M(W∞)) → Gal(T/W∞) → X(W∞) → 1.

Since Gal(W∞/W∞) and Gal(T/M(W∞)) are both finite, it follows that

(X(W∞)∆)⊗Zp
Qp

∼= X(W∞)⊗Zp
Qp.

This completes the proof. □

Corollary 2.3. If W/W is a finite Galois extension of p-power degree, then
X(W∞) is a finitely generated Zp-module if and only if X(W∞) is a finitely generated
Zp-module.

This is immediate because any finite p-group is solvable.

Lemma 2.4. Let ∆ be a cyclic group of order p. Let Y be a free Zp-module of
finite rank, which is also a ∆-module. Assume that Y∆ = (Z/pZ)r for some integer
r ≥ 0. Then (i) N∆(Y ) = 0, where N∆ =

∑
τ∈∆ τ , whence Y is a Zp[∆]/(N∆)-module,

and (ii) Y is a quotient of Z(p−1)r
p for any prime p, and Y ∼= Zr

2 when p = 2.

Proof. The proof, which the authors attribute to Sharifi, is entirely similar to
the case p = 2 given in [3, Lemma 2.8]. □
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Combining Lemmas 2.2 and 2.4, we immediately obtain:

Lemma 2.5. Let W/W be a cyclic extension of degree p. Assume that X(W∞) =

0, and that X(W∞) is a torsion free Zp-module. Then X(W∞) is a finitely generated
Zp-module of rank at most (p− 1)(s∞(W/W )− 1).

For a finitely generated Zp-module Y , we write tp(Y ) for its Zp-rank. In our
applications, we only need the following lemma for the prime p = 2.

Lemma 2.6. Assume that p = 2, and let W be any finite extension of K such
that X(W∞) is a finitely generated Z2-module. Take M to be any Galois extension of
W with Gal(M/W ) ∼= Gal(M∞/W∞) ∼= (Z/2Z)2. Then

t2(X(M∞)) + 2t2(X(W∞)) =

3∑
i=1

t2(X(Wi,∞)),

where W1,W2,W3 are the three quadratic extensions of W contained in M.

Proof. Since we are assuming that X(W∞) is a finitely generated Z2-module,
the same is true for X(M∞) because Gal(M/W ) is a 2-group. Let V = X(M∞)⊗Z2

Q2,
so that the Q2-dimension of V is equal to t2(X(M∞)). Put Ω = Gal(M∞/W∞). Then

V = ⊕χV
eχ ,

where the sum runs over the characters χ of Ω, and eχ =
∑

σ∈Ω χ(σ)σ. Thus we must
compute the Q2-dimension of each V eχ . Note that if Y is any vector space over Q2

and g is the non-identity element of a group ∆ of order 2 acting on Y, then plainly

Y = Y 1+g ⊕ Y 1−g , (Y )∆ = Y 1+g . (2.4)

Suppose first that χ is the trivial character of Ω, so that eχ = (1+σ)(1+τ), where, of
course, σ and τ are distinct elements Ω of exact order 2. By (2.4) and (iii) of Lemma
2.2 applied to the group ⟨σ⟩ of order 2, we conclude that V 1+σ = X(T∞) ⊗Z2

Q2,
where T∞ is the fixed field of σ. Thus

V χ = (X(T∞)⊗Z2
Q2)

1+τ = X(W∞)⊗Z2
Q2;

here the second equality follows from applying the remark (2.4) and (iii) of Lemma
2.2 to the quadratic extension T∞/W∞. Hence in this case the Q2-dimension of V χ

is equal to the Q2-dimension of X(W∞)⊗Z2
Q2. Suppose next that χ is a nontrivial

character of Ω, say with χ(σ) = 1 and χ(τ) = −1, so that eχ = (1+ σ)(1− τ). If T is
now the fixed field of Ker(χ) = {1, σ}, we again conclude from the remark (2.4) and
(iii) of Lemma 2.2 that V 1+σ = X(T∞)⊗Z2 Q2, whence

V eχ ∼= (X(T∞)⊗Z2 Q2)
1−τ .
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But applying (iii) of Lemma 2.2 to the extension T∞/W∞, we conclude that

X(T∞)⊗Z2
Q2/(X(T∞)⊗Z2

Q2)
1−τ = X(W∞)⊗Z2

Q2,

whence it follows that the Q2-dimension of V eχ is equal to the Q2-dimension of
X(T∞)⊗Z2

Q2 minus the Q2-dimension of X(W∞)⊗Z2
Q2. Since this holds for each

of the three non-trivial characters of Ω, the proof of Lemma 2.6 is now complete. □

3. Proof of Theorem 1.1

We now return to the situation discussed in §1. Thus from now on K = Q(
√
−q),

where q is any prime with q ≡ 7 mod 8, and again the fields F, F ′, D, J are defined by
(1.1). As always, p will denote one of the primes of K lying above 2, and we again fix
the sign of √−q so that √−q ≡ 1 mod p2. Recall that, for each finite extension W/K,
the integer s∞(W/K) is defined by (2.1) in §2. Again R will denote an arbitrary
element of OK satisfying the Twisting Hypothesis, and s∞(R) will denote the number
of primes of K∞ dividing √

−qR.

Lemma 3.1. We have s∞(F/K) = s∞(R) for all primes q ≡ 7 mod 8. More-
over, if q ≡ 7 mod 16, we also have s∞(F ′/K) = s∞(R) + 1 and s∞(D/K) = 1.

Proof. The first assertion is clear because the primes of K∞, not lying above p,
which ramify in F∞ are precisely the primes dividing √

−qR. Note that p∗ is ramified
in F ′/K and in D/K by our choice of sign. Then the second assertion follows from
the fact that p∗ is inert in K∞ when q ≡ 7 mod 16 (see [4, Proposition 2.4]). □

Proposition 3.2 (Choi-Coates[1]). (i) X(F∞) is a free finitely generated Z2-
module of rank at most s∞(R) − 1, and (ii) if q ≡ 7 mod 16, then X(D∞) = 0 and
X(F ′

∞) is a free finitely generated Z2-module of rank at most s∞(R).

Proof. It is easy to see X(K∞) = 0 (for example see [3, Lemma 3.2]). Then by
Lemma 2.2 X(F∞), X(D∞) and X(F ′

∞) are all finitely generated over Z2. Moreover,
by Greenberg’s theorem [7, p.94], they are torsion-free whence are free of finite rank.
The assertions then follow from Lemma 3.1 and Lemma 2.5. □

Proposition 3.3. Let Cn be the ray class group of Kn modulo (p∗)2OKn . Then
Cn has odd order for all n ≥ 0.

Before giving the proof, we recall Chevalley’s formula for ray class groups (see [6] or
[11, §4], for example). Suppose that L/k is any cyclic extension of number fields with
Galois group G, and write OL (resp. Ok) for the ring of integers of L (resp. k). For
our application, we may assume that k has no real places. If m is an integral ideal in
k, let ClmL (resp. Clmk ) denote the ray class group of L (resp. k) modulo mOL (resp.
m). Clearly ClmL is a G-module, and (ClmL )

G will denote, as always, its G-invariants.
For a prime v (resp. w) of k (resp. L), write Ov (resp. Ow) for the ring of integers
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of the completion kv (resp. Lw). Let Lm denote the set of all a ∈ L× such that
ordw(a − 1) ≥ ordw(m) for all places w of L dividing m. Let O×

k,m be the subgroup
of the unit group O×

k of k consisting of all units a with ordv(a − 1) ≥ ordv(m) at all
places v of k dividing m. Then Chevalley’s formula with respect to L/k and the ideal
m is as follows:

#((ClmL )
G)

#(Clmk )
=

∏
v|m

[1 +mOv : NLw/kv
(1 +mOw)] ·

∏
v∤m

ev

[L : k][O×
k,m : O×

k,m ∩NL/k(Lm)]
; (3.1)

here NL/k (resp. NLw/kv
) is the norm map for L/k (resp. Lw/kv), and ev is the

ramification index of v in L. In the first product, w is an arbitrary place of L above
v and the group NLw/kv

(1 + mOw) is independent of the choice of w. We have the
following lemma on local units index:

Lemma 3.4. If k is a finite unramified extension of Q2, then for every m ≥ 2

we have Nk/Q2
(1 + 2mOk) = 1 + 2mZ2, where Ok is the ring of integers in k.

Proof. Let Trk/Q2
be the trace map from k to Q2. Let log be the usual 2-adic

logarithm map. It commutes with the Galois action. For m ≥ 2, we then have a
commutative diagram:

1 + 2mOk 2mOk

1 + 2mZ2 2mZ2.

log

Nk/Q2
Trk/Q2

log

The two horizontal maps are isomorphisms as m ≥ 2. The right vertical map is a
surjection because k/Q2 is unramified. The lemma then follows. □

Proof of Proposition 3.3. We apply (3.1) with respect to the cyclic exten-
sion (Kn/K,m), with m = (p∗)2. As O×

K,m = {1}, then, if we write v = p∗, the formula
gives

#((Cn)
Gal(Kn/K)) = #(C0) · [1 +mOv : N(1 +mOw)] = #(C0).

The second equality follows from Lemma 3.4. Using the fact that the class number of
K is odd, and that the units of K are {±1}, it is readily verified that #(C0) is odd.
Therefore #(Cn) is odd by Nakayama’s lemma, since Gal(Kn/K) is cyclic of order
2n. □

Note: We sketch another proof of Proposition 3.3 which is pointed out to us by
an anonymous referee. For each n, let Ln be the 2-ray class field modulo (p∗)2OKn ,
so that Yn := Gal(Ln/Kn) is isomorphic to the 2-part of Cn as Gal(Kn/K)-modules.
Since Kn/K0 is unramified at p∗, by some local arguments (using Lemma 3.4 and the
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functoriality in local class field theory), one can show that the conductor of L0Kn/Kn

is (p∗)2OKn
. Then using the fact that Kn/K0 unramified outside p and is totally

ramified at p, one can show that the restriction map Yn → Y0 induces an isomorphism
(Yn)Gal(Kn/K0)

∼= Y0 by a classical argument (see the proof of [4, Proposition 3.2] for
example). As Y0 is trivial, by Nakayama’s lemma Yn is trivial too.

Proof of Theorem 1.1. The part (i) is clear by Proposition 3.2. For part (ii),
take n to be an integer which is sufficiently large to ensure that there are precisely
s∞(R) primes of Kn dividing √

−qR. These primes are then all inert in K∞. To
simplify notation, we shall write s = s∞(R) in the rest of this proof. We have

√
−qROKn

= a1 · · · as, (3.2)

where each ai is the power of some prime ideal of Kn, and (ai, aj) = 1 when i ̸= j.
Note that the exponents to which these prime ideals occur in (3.2) are all odd by the
definition of R and the fact (q, R) = 1. Write h′ for the order of Cn, which is odd by
Proposition 3.3. Thus there exist αi ∈ OKn

such that

ah
′

i = (αi) and αi ≡ 1 mod (p∗)2OKn for 1 ≤ i ≤ s− 1.

We define

αs =
(−

√
−qR)h

′

α1 · · ·αr−1
. (3.3)

Note that, thanks to the oddness of h′ and our choice of the sign, we also have
αs ≡ 1 mod (p∗)2OKn

. Again because h′ is odd, it follows that, for 1 ≤ i ≤ s, the
extension Kn(

√
αi)/Kn is quadratic and is ramified at the unique prime dividing αi.

Moreover, this extension is unramified at the primes above p∗, since it is obtained by
adjoining a root of x2 −x+ 1−αi

4 and this polynomial is separable modulo each prime
of Kn above p∗. Define

T = K∞(
√
α1, . . . ,

√
αs). (3.4)

Now K∞(
√
αi)/K∞ is ramified at the unique prime dividing αi, while it is unramified

at the primes dividing αj for j ̸= i, whence it follows easily that [T : K∞] = 2s, and

Gal(T/K∞) ∼= (Z/2Z)s.

Thanks again to the oddness of h′, it follows from (3.3) that

F∞ ⊂ T and Gal(T/F∞) ∼= (Z/2Z)s−1.

The extension T/F∞ is unramified at primes not dividing pa1 · · · as, since T/K∞ is.
Moreover, T/F∞ is also unramified at the prime dividing ai for 1 ≤ i ≤ s, since
from (3.4) the ramification index of this prime in T/K∞ is clearly equal to 2, but
F∞/K∞ is also ramified at this prime by Lemma 3.1. This proves T ⊂ M(F∞).



ON THE λ-INVARIANT OF SELMER GROUPS 9

Hence X(F∞) has (Z/2Z)s−1 as a quotient, and so its Z2-rank must be at least s− 1.
Combining this with the upper bound given by Proposition 3.2, the proof of assertion
(i) of Theorem 1.1 is complete.

Assume for the rest of the proof that q ≡ 7 mod 16. By Proposition 3.2, it suffices
to construct s+1 independent quadratic extensions of F ′

∞ contained in M(F ′
∞). Define

T ′ = T (
√
−1) = K∞(

√
−1,

√
α1, . . . ,

√
αs).

Note that T ′ ⊃ F ′
∞. Since F ′(

√
−1)/F ′ is unramified at p, we have F ′

∞(
√
−1) ⊂

M(F ′
∞). Moreover, by the same argument as in the first paragraph, we have T ⊂

M(F ′
∞). Thus T ′ ⊂ M(F ′

∞), and so it remains to show that [T ′ : F ′
∞] = 2s. Note that

T/K∞ is unramified at the unique prime above p∗, but K∞(
√
−1)/K∞ is ramified at

this prime. It follows that T ′ ̸= T whence [T ′ : K∞] = 2s+1 and therefore [T ′ : F ′
∞] =

2s. This proves X(F ′
∞) ∼= Zs

2, as required.
Finally, since J/K is a biquadratic extension, with F, F ′ and D being the

nontrivial intermediate fields, it follows from Lemma 2.6 and Proposition 3.2 that
X(J∞) ∼= Z2s−1

2 . This completes the proof of Theorem 1.1. □

4. Equivalent formulation of Theorem 1.1 in terms of infinite descent
on certain abelian varieties with complex multiplication

The aim of this section is to briefly explain an equivalent formulation of Theorem
1.1 in terms of infinite descent on a family of quadratic twists of a certain higher
dimensional abelian variety with complex multiplication. We omit detailed proofs,
and refer the reader to [3, 8] for further explanations of the background material. Fix
an embedding of K in C. Let H = K(j(OK)) be the Hilbert class field of K, where j

is the classical modular function, and let A/Q(j(OK)) be the Gross elliptic curve with
complex multiplication by OK (see [8], Chap. 5). Thus A has minimal discriminant
(−q3), and A is isogenous over H to all of its conjugates. Let

B = ResHKA

be the h-dimensional abelian variety over K which is the restriction of scalars of A

from H to K. Let B = EndK(B), and T = B ⊗ Q, so that T is a CM field of
degree h over K. Then B is an order in T , which is ramified over OK at precisely the
primes dividing h (see [8], Theorem 15.2.5). In particular, since h is odd, the primes
p, and p∗ are both unramified in T . Now the torsion subgroup of B(K) is OK/2OK ,
and the action of B on this torsion subgroup gives an OK-algebra surjection from B

onto OK/2OK , whose kernel is the product of two conjugate primes P,P∗ of B lying
above p, p∗, respectively. These primes are both unramified in B, and have residue
fields equal to the field F2 with 2 elements. Our equivalent formulation of Theorem
1.1 will be in terms of the arithmetic of the abelian variety B(R)/K, which is the twist
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of B by the quadratic extension K(
√
R)/K. For each n ≥ 1, let B

(R)
Pn be the Galois

module of Pn-division points on B(R). Then we have the following interpretation of
the fields defined in §1.

Theorem 4.1. We have
F = K(B

(R)
P2 ), F ′ = K(B

(R)

P∗2), J = FF ′ = K(B
(R)
P2 ,

√
−1),

F∞ = K(B
(R)
P∞), J∞ = K(B

(R)
P∞ ,

√
−1).

Moreover, B(R) has good reduction everywhere over F and F ′.

We omit the detailed proofs, which are similar to those given in [3] for the abelian
variety B (see [3, §2 and Lemma 7.11] and also see [1, Lemma 2.1, 2.2]).

We next recall the definition of the P∞-Selmer group of B(R) over an algebraic
extension of K. Take any non-zero endomorphism π in B such that the ideal factor-
ization of π in the ring of integers of T is equal to Pr for some integer r ≥ 1. Let L be
any algebraic extension of K. Then for each integer n ≥ 1, the group Selπn(B(R)/L)

is defined by

Selπn(B(R)/L) = Ker(H1(L,B
(R)
πn ) →

∏
v

H1(Lv, B
(R))),

where v runs over all finite places of L, and Lv is the compositum of the completions
at v of all finite extensions of K contained in L. Passing to the inductive limit over
all n ≥ 1, and noting that B

(R)
π∞ = B

(R)
P∞ as Galois modules, we then define the Selmer

group SelP∞(B(R)/L) to be the inductive limit of the Selπn(B(R)/L), so that:

SelP∞(B(R)/L) = Ker(H1(L,B
(R)
P∞) →

∏
v

H1(Lv, B
(R))).

Since B(R) has good reduction everywhere over F , and F∞ = K(B
(R)
P∞), it is then

easily seen that we have (see [3, Theorem 3.9] and [2]):

Theorem 4.2. As Galois modules, we have

SelP∞(B(R)/F∞) = Hom(X(F∞), B
(R)
P∞), SelP∞(B(R)/J∞) = Hom(X(J∞), B

(R)
P∞),

Noting that B
(R)
P∞ = TP/BP = Q2/Z2 as abelian groups, we immediately obtain the

following equivalent form of Theorem 1.1.

Theorem 4.3. As abelian groups, we have (i) SelP∞(B(R)/F∞) =

(Q2/Z2)
s∞(R)−1, and (ii) if q ≡ 7 mod 16, SelP∞(B(R)/J∞) = (Q2/Z2)

2s∞(R)−1 for
all R satisfying the Twisting Hypothesis, and where s∞(R) is the number of primes of
K∞ dividing √

−qR.
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Let F denote either of the fields F or J . We recall that the Tate-Shafarevich group
X(B(R)/F∞) of B(R)/F∞ is defined by

X(B(R)/F∞) = Ker(H1(F∞, B(R)) →
∏
v

H1(F∞,v, B
(R))).

It is a B-module and we write X(B(R)/F∞)(P∞) for its P-primary subgroup. Note
also that the group B(R)(F∞) of F∞-rational points of B(R) has a natural structure
as an B-module, and we have the exact sequence

0 → B(R)(F∞)⊗B (TP/BP) → SelP∞(B(R)/F∞) → X(B(R)/F∞)(P∞) → 0. (4.1)

Thus Theorem 4.3 can be reformulated as follows. Define gF∞(R) to be the T -
dimension of B(R)(F∞) ⊗Z Q. Now X(B(R)/F∞)(P∞) is a divisible group thanks
to Theorem 4.2, the fact that X(F∞) is a free finitely generated Z2-module, and the
exact sequence (4.1), whence we define eF∞(R) to be its Z2-corank.

Theorem 4.4. For all R satisfying the Twisting Hypothesis, we have (i)
gF∞(R) + eF∞(R) = s∞(R) − 1, and (ii) if q ≡ 7 mod 16, gJ∞(R) + eJ∞(R) =

2s∞(R) − 1, where we recall that gF∞(R) is the T -dimension of B(R)(F∞) ⊗Z Q,
eF∞(R) is the Z2-corank of X(B(R)/F∞)(P∞), and, as always, s∞(R) is the number
of primes of K∞ dividing √

−qR.

Since s∞(R) is very easy to calculate explicitly, it seems to us that no simple ex-
plicit general result like Theorems 4.3 and 4.4 was known previously in the Iwasawa
theory of elliptic curves. As an illustration, at the end of the next section we apply
these theorems to one numerical example taken from [1], with s∞(R) = 4, gF∞(R) =

2, eF∞(R) = 1.

5. Applications of Theorem 1.1

In this last section, we discuss the situation when R is a square free rational
integer satisfying the Twisting Hypothesis, and having the property that s∞(R) = 2

(the case when s∞(R) = 1 is already discussed fully in [4]). We also discuss one
numerical example with s∞(R) = 4. The following lemma is clear from the remarks
made immediately after the statement of Theorem 1.1.

Lemma 5.1. Assume that R is a square free rational integer satisfying the Twist-
ing Hypothesis. Then s∞(R) = 2 if and only if one of the following three cases hold:
(i) we have q ≡ 15 mod 32 and R = 1, (ii) we have q ≡ 7 mod 16 and R = r, where r

is a prime with r ≡ 5 mod 8, which is inert in K, or (iii) we have q ≡ 7 mod 16 and
R = −r, where r is a prime with r ≡ 3 mod 8, which is inert in K.

By Theorem 4.3, we know that, whenever s∞(R) = 2, we have
SelP∞(B(R)/F∞) = Q2/Z2 as an abelian group. For each n ≥ 0, recall that Kn is the
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n-th layer of the Z2-extension K∞/K. The cases (i), (ii), (iii) of the next theorem
refer to the three cases of Lemma 5.1.

Theorem 5.2. In cases (i) and (ii), we have SelP∞(B(R)/K) is finite. More-
over, either SelP∞(B(R)/Kn) is finite for all n ≥ 1, or SelP∞(B(R)/Kn) has Z2-corank
equal to 1 for all n ≥ 1, according as L(B(R)/K1) ̸= 0 or L(B(R)/K1) = 0. In case
(iii), we have L(B(R)/K) = 0 and SelP∞(B(R)/Kn) has Z2-corank equal to 1 for all
n ≥ 0.

We now outline the proof of this theorem, again referring to [3] for similar detailed
arguments. We begin by recalling an elementary purely algebraic lemma, which holds
for any R in OK satisfying the Twisting Hypothesis. Put Γ = Gal(F∞/F ), Γn =

Gal(F∞/Fn), and fix any topological generator γ of Γ . Let Λ(Γ ) be the Iwasawa
algebra of Γ with coefficients in Z2. As usual, we identify Λ(Γ ) with the formal power
series ring Z2[[T ]] by mapping γ to 1 + T . Since X(F∞) is a finitely generated Z2-
module, it is clearly a torsion Λ(Γ )-module, and we write cF∞(T ) for its characteristic
power series. By Theorem 4.1, we have a character κ : Γ → 1 + P2BP = 1 + 4Z2

giving the action of Γ on B
(R)
P∞ and we define u = κ(γ).

Lemma 5.3. For each R in OK satisfying the Twisting Hypothesis,
(SelP∞(B(R)/F∞))Γn is infinite for some integer n ≥ 0 if and only if cF∞(uζ− 1) = 0

for some 2n-th power root of unity ζ. Assume further s∞(R) = 2; we have that if
(SelP∞(B(R)/F∞))Γn is finite for n = 0, 1, then it is finite for each n ≥ 0.

Proof. Put γn = γ2n , so that γn is a topological generator of Γn, γn = (1+T )2
n

and κ(γn) = u2n . Write X = X(F∞) in this proof. By Theorem 4.2, we have

(SelP∞(B(R)/F∞))Γn = Hom(X/(γn − κ(γn))X,B
(R)
P∞).

Thus, the left hand side is finite if and only if X/(γn − κ(γn))X is finite. Note that

γn − κ(γn) = (1 + T )2
n

− u2n =
∏
ζ

(T − (uζ − 1)),

where ζ runs over all the 2n-th power of roots unity. Since cF∞(T ) is the characteristic
power series of X, it follows that X/(γn − κ(γn))X is finite if and only if cF∞(T ) is
coprime to T − (uζ − 1) for each ζ. This proves the first part of Lemma 5.3.

Now we turn to prove the second part. By the Weierstrass Preparation Theorem,
we may assume that cF∞(T ) ∈ Z2[T ] is a polynomial of degree 1 as X(F∞) is of rank 1

by Theorem 1.1. Suppose that the assertion does not hold. Take n ≥ 2 be the smallest
integer such that (SelP∞(B(R)/F∞))Γn is infinite. It follows that cF∞(T ) is divisible
by T − (uζ − 1) for some primitive 2n-th root of unit ζ. Since cF∞(T ) ∈ Z2[[T ]], it
is divisible by the 2n−1 conjugates of T − (uζ − 1). Thus, we have 2n−1 ≤ 1, namely
n = 0 or 1. This contradicts our assumption. □
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In addition, we have the following arithmetic lemma. For each algebraic extension
L/K, we define

Sel′P∞(B(R)/L) = Ker(H1(L,B
(R)
P∞) →

∏
v∤p

H1(Lv, B
(R))).

Recall that Fn = FKn for n ≥ 0.

Lemma 5.4. For each R in OK satisfying the Twisting Hypothesis, and
for all n ≥ 0, SelP∞(B(R)/Kn) has the same Z2-corank as Sel′P∞(B(R)/Fn) =

(SelP∞(B(R)/F∞))Γn .

Proof. Since B(R) has good reduction everywhere over F , entirely similar ar-
guments to those given in §3 of [3] show that

SelP∞(B(R)/F∞) = Sel′P∞(B(R)/F∞),

and that ∆ acts trivially on Sel′P∞(B(R)/F∞), where ∆ = Gal(F∞/K∞). Since
B(R) has good reduction everywhere over F , the same argument as in the proof of
Proposition 3.11 of [3] shows that

(Sel′P∞(B(R)/F∞))Γn = Sel′P∞(B(R)/Fn)

for all n ≥ 0. Thus to complete the proof, it suffices to show that the natural map

SelP∞(B(R)/Kn) → (Sel′P∞(B(R)/Fn))
∆ = Sel′P∞(B(R)/Fn)

has finite kernel and cokernel for all n ≥ 0. But this follows easily from the fact that
∆ is of order 2 by the inflation-restriction sequence. □

For each n ≥ 0, let L(B(R)/Fn, s) (resp. L(B(R)/Kn, s)) be the complex L-series
of B(R)/Fn (resp. B(R)/Kn). Let χn be the non-trivial character of Gal(Fn/Kn), and
write L(B(R)/Kn, χn, s) for the twist of L(B(R)/Kn, s) by χn. Then we have

L(B(R)/Fn, s) = L(B(R)/Kn, s)L(B
(R)/Kn, χn, s).

Theorem 5.5. For all R in OK satisfying the Twisting Hypothesis, and all
n ≥ 0, we have L(B(R)/Kn, χn, 1) ̸= 0, and so L(B(R)/Fn, 1) ̸= 0 if and only if
L(B(R)/Kn, 1) ̸= 0.

Proof. This theorem, which is valid for all primes q ≡ 7 mod 8 is an equivalent
form of Theorem 1.5 of [3]. Put β =

√
−q. Now L(B(R)/Kn, χn, s) is the complex L-

series of the twist of B(R) by the quadratic extension Fn/Kn. As Fn = Kn(
√
−βR),

it follows that the twist of B(R) by Fn/Kn is just B(−β)/Kn. Put Hn = HKn,
where we recall that H is the Hilbert class field of K. Then the complex L-series of
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B(−β)/Kn is the same as the complex L-series L(A(−β)/Hn, s) of A(−β)/Hn, where
A/H is the basic Gross Q-curve defined over H. Since Theorem 1.5 of [3] asserts that
L(A(−β)/Hn, 1) ̸= 0 for all n ≥ 0, the proof is complete. □

The following deep theorem is a consequence of the main conjecture of Iwasawa
theory for the Z2-extension F∞/F . As above, cF∞(T ) will denote a characteristic
power series of the Γ -module X(F∞).

Theorem 5.6. Let n ≥ 0 be any non-negative integer, and let R in OK satisfy
the Twisting Hypothesis. Then cF∞(uζ − 1) ̸= 0 for all 2n-th roots of unity ζ if and
only if L(B(R)/Fn, 1) ̸= 0.

Combining this result with Theorem 5.5 and Lemmas 5.3 and 5.4, we immediately
obtain:

Corollary 5.7. For all n ≥ 0, we have SelP∞(B(R)/Kn) is finite if and only
if L(B(R)/Kn, 1) ̸= 0.

Of course, this is not the place to give a detailed proof of this main conjecture. We
simply say that similar methods, using the Euler system of elliptic units, to those
used to prove Theorem 7.13 in §7 of [3], can be generalized to prove the desired
main conjecture for B(R)/F∞, from which the above theorem follows as an immediate
corollary.

Proof. We now prove Theorem 5.2. We first suppose we are in case (i), so
that q ≡ 15 mod 32 and R = 1. By a theorem of Rohrlich [13], we have L(B/K, 1) =

L(A/H, 1) ̸= 0. Thus, by Corollary 5.7, SelP∞(B/K) is finite, and, for all n ≥ 1,
SelP∞(B/Kn) is finite if and only if L(B/Kn, 1) ̸= 0. Moreover, as s∞(R) = 2, it
follows from Theorem 4.3 that SelP∞(B/F∞) = Q2/Z2 as an abelian group, and so
Lemma 5.4 implies that SelP∞(B/Kn) has Z2-corank at most 1 for all n ≥ 1. The
assertion then follows from Lemma 5.3, completing the proof of case (i). Next suppose
we are in the case (ii), so that q ≡ 7 mod 16 and R = r, with r ≡ 5 mod 8 and r inert
in K. Then Theorem 1.3 of [3] shows that L(B(R)/K, 1) = L(A(R)/H, 1) ̸= 0. Again
invoking Corollary 5.7, it follows that SelP∞(B(R)/K) is finite, and, for all n ≥ 1,
SelP∞(B(R)/Kn) is finite if and only if L(B(R)/Kn, 1) ̸= 0. But SelP∞(B(R)/F∞) =

Q2/Z2 as an abelian group, whence, again by Lemma 5.4, SelP∞(B(R)/Kn) has Z2-
corank at most 1 for all n ≥ 1, and the proof of case (ii) is complete by Lemma 5.3.
Finally, suppose we are in case (iii), so that q ≡ 7 mod 16 and R = −r, with r ≡
3 mod 8 and r inert in K. Now B(R) is in fact defined over Q, and L(B(R)/K, s) =

L(B(R)/Q, s)2, where L(B(R)/Q, s) is the complex L-series of B(R)/Q (see §18 of [8]).
Write

Φ(B(R)/Q, s)) = (−qr/(2π))hsΓ (s)hL(B(R)/Q, s),
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where we recall that h is the class number of K. Now, since h is odd and 2 splits in
K, Theorem 19.1.1 of [8] shows that Φ(B(R)/Q, s) satisfies the functional equation

Φ(B(R)/Q, s) = −Φ(B(R)/Q, 2− s).

Hence Φ(B(R)/Q, s)) must have a zero of odd order at s = 1, and so L(B(R)/Q, 1) = 0,
whence also L(B(R)/K, 1) = 0, which, in turn, clearly implies that L(B(R)/Kn, 1) =

0 for each n ≥ 0. By Corollary 5.7, SelP∞(B(R)/Kn) has positive Z2-rank. On
the other hand, by Lemma 5.4 this group has the same Z2-rank as a subgroup of
SelP∞(B(R)/F∞), which is isomorphic to Q2/Z2 by Theorem 4.3. Therefore, the rank
of SelP∞(B(R)/Kn) must be equal to 1. This completes the proof of case (iii), and so
of the whole theorem. □

We end by discussing one numerical example with s∞(R) = 4, which arose in [1].
Let q = 7, so that B is the elliptic curve X0(49), with equation

y2 + xy = x3 − x2 − 2x− 1.

Take R = 741 = 3 × 13 × 19, and define E = X0(49)
(R), whence s∞(R) = 4. By

Theorem 4.4, we then have gF∞(R) + eF∞(R) = 3. It is shown in [1] that E(K)⊗Q
has dimension 2 over K and X(E/K)(2) = 0. We shall prove the following result.
We recall that in this case F∞ = K(Ep∞), where K = Q(

√
−7), and Fn = K(Epn+2)

for all n ≥ 0.

Proposition 5.8. Let E = X0(49)
(R), with R = 741. Then gF∞ = 2, and

eF∞(R) = 1, so that E(F∞)⊗ZQ has K-dimension equal to 2, and X(E/F∞)(p∞) =

Q2/Z2. Moreover, for all integers n ≥ 0, we have that E(Fn)⊗Z Q has K-dimension
equal to 2 and X(E/Fn)(p

∞) is finite.

Proof. There are two ingredients to the proof. The first is a MAGMA cal-
culation. Let C/K be the twist of E/K by the quadratic extension K1/K. Then a
MAGMA computation shows that C(K) ⊗ Q has dimension 0 and X(C/K)(2) = 0.
It follows easily that E(K1) ⊗ Q has K-dimension 2 and X(E/K1)(p

∞) is finite,
whence Selp∞(E/Kn) has corank 2 for n = 1. We now recall that (see [1, Theo-
rem 2.13]), for all n ≥ 0 both the K-dimensions of E(Kn) ⊗ Q and the corank of
X(E/Kn)(p

∞) do not change if we replace Kn with Fn. Thus the MAGMA calcu-
lation proves that Selp∞(E/F1) as well as Sel′p∞(E/F1) has Z2-corank equal to 2 by
Lemma 5.4. The second ingredient in the the proof is a simple remark on the char-
acteristic power series cF∞(T ) of X(F∞). By the Weierstrass Preparation Theorem,
we may assume that cF∞(T ) is a monic polynomial of degree 3, because X(F∞) is a
free Z2-module of rank 3. The characteristic power series of the Pontryagin dual of
Selp∞(E/F∞) = Hom(X(F∞), Ep∞) is given by cF∞(u(1 + T ) − 1). Moreover, since
Sel′p∞(E/F ) has Z2-corank equal to 2, we conclude that (T − (u − 1))2 must divide
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cF∞(T ). Suppose now that there exists an integer n > 0 such that Sel′p∞(E/Fn) has
Z2-corank at least 3, and choose the smallest integer n with this property. Then it
follows from Lemma 5.4 that cF∞(T ) must also be divisible by T − (uζ − 1) for some
primitive 2n-th root of unity ζ. But, as cF∞(T ) is a polynomial with coefficients in
Z2, it would then be divisible by the product of all T − (uα−1), where α runs over all
primitive 2n-th roots of unity. Since this product is an irreducible polynomial of de-
gree 2n−1 with coefficients in Z2, and cF∞(T ) has degree 3, we must have 2n−1 = 1, or
equivalently n = 1. But our MAGMA calculation has already shown that Sel′(E/F1)

has Z2-corank 2, and the proof is complete. □
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